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Abstract
The infrared divergences of massless n-parton scattering amplitudes can be de-
rived from the anomalous dimension of n-jet operators in soft-collinear effective
theory. Up to three-loop order, the latter has been shown to have a very simple
structure: it contains pairwise color-dipole interactions among the external par-
tons, governed by the cusp anomalous dimension and a logarithm of the kinematic
invariants sij, plus a possible three-loop correlation involving four particles, which
is described by a yet unknown function of conformal cross ratios of kinematic in-
variants. This function is constrained by two-particle collinear limits and by the
known behavior of amplitudes in the high-energy limit. We construct a class of
relatively simple functions satisfying these constraints. We also extend the analy-
sis to four-loop order, finding that three additional four-particle correlations and
a single five-particle correlation appear, which again are governed by functions
of conformal cross ratios. Our results suggest that the dipole conjecture, which
states that only two-particle color-dipole correlations appear in the anomalous di-
mension, may need to be generalized. We present a weaker form of the conjecture,
stating that to all orders in perturbation theory corrections to the dipole formula
are governed by functions of conformal cross ratios, and are O(1/N2c ) suppressed
relative to the dipole term. If true, this conjecture implies that the cusp anomalous
dimension obeys Casimir scaling to all orders in perturbation theory.
1 Introduction
Understanding the structure of infrared (IR) singularities of gauge-theory scattering
amplitudes is an important problem. On one hand, it helps in unveiling the deeper
structure of quantum field theory in higher orders of perturbation theory; on the other,
it also has practical applications. The ability to predict the IR singularities of n-parton
amplitudes enables one to systematically resum large logarithmic corrections to cross
sections and differential distributions for many important collider processes. This leads
to a higher precision in the calculation of these observables.
The problem of predicting the structure of IR singularities of on-shell n-particle
scattering amplitudes in massless QCD simplifies, if one realizes that they can be put
in one-to-one correspondence with ultraviolet (UV) divergences of operators defined in
soft-collinear effective theory (SCET) [1]. This idea implies that IR divergences can be
studied by means of standard renormalization-group techniques – a concept that had
been developed earlier in the context of theories of Wilson lines [2]. The IR divergences
of n-point scattering amplitudes can be absorbed into a multiplicative renormalization
factor Z , which can be derived from an anomalous dimension Γ. Both objects are
matrices in color space, i.e. they mix amplitudes with the same particle content but
different color structures. The predictive power of this approach relies on the fact that
the anomalous dimension Γ is tightly constrained by the structure of the effective field
theory [1]: soft-collinear factorization implies that Γ splits into a collinear and a soft
contribution, Γ = Γc + Γs, and given that there are no interactions among different
collinear sectors of SCET, all non-trivial color and momentum dependence is encoded in
the soft anomalous dimension Γs.
The quantity Γs is the anomalous dimension associated with an operator built out
of n Wilson lines, one for each external parton, directed along the momentum of that
parton and living in the appropriate representation of SU(Nc). We use the color-space
formalism, in which amplitudes are treated as n-dimensional vectors in color space [3].
T i is the color generator associated with the i-th parton in the scattering amplitude,
which acts as an SU(Nc) matrix on the color indices of that parton. Explicitly, one
has (T ai )αβ = t
a
αβ for a final-state quark or initial-state anti-quark, (T
a
i )αβ = −taβα for
a final-state anti-quark or initial-state quark, and (T ai )bc = −ifabc for a gluon. The
dependence of the soft anomalous dimension on the external momenta pi of the partons
is encoded via so-called cusp angles βij (with i 6= j), which for slightly off-shell, massless
partons are defined as
βij = ln
(−sij)µ2
(−p2i )(−p2j)
, (1)
where sij = 2σij pi · pj + i0, and the sign factor σij = +1 if the momenta pi and pj are
both incoming or outgoing, and σij = −1 otherwise. The dependence on the collinear
regulators p2i disappears in the sum Γ = Γc + Γs, such that the complete anomalous
1
dimension Γ only depends on the kinematic invariants sij. Here [4]
Γc =
∑
i
[
− Γicusp(αs) ln
µ2
−p2i
+ γic(αs)
]
(2)
contains the sum of the collinear contributions, where Γicusp(αs) is the cusp anomalous
dimension in the color representation of parton i [5].
The structure of the soft anomalous dimension is constrained in three different ways:
• Soft-collinear factorization, the fact that the interactions between soft and collinear
particles in the SCET Lagrangian can be removed by a field redefinition [6], implies
a set of partial differential equations [7, 8], which can be written in the form
∑
j 6=i
∂Γs({β}, µ)
∂βij
= Γicusp(αs) , (3)
where {β} = {β12, . . . , βij , . . . βn−1,n} denotes the set of cusp angles. These equa-
tions allow two types of dependences on the cusp angles: either a linear dependence
on βij , or an arbitrary dependence on the conformal cross ratios
βijkl ≡ βij + βkl − βik − βjl = ln (−sij)(−skl)
(−sik)(−sjl) ≡ ln ρijkl . (4)
The latter possibility is allowed because the differential operator in (3) gives zero
when acting on a conformal cross ratio, so any function of conformal cross ratios
is a solution to the homogeneous equation associated with (3).
• The non-abelian exponentiation theorem [9, 10] implies that only single connected
gluon webs, whose ends can be attached in arbitrary ways to the n Wilson lines,
contribute to the soft anomalous dimension [7, 8]. This imposes tight constraints
on the color structures that can arise in higher orders of the loop expansion. The
generalization of the concept of “webs” to multi-parton amplitudes has been dis-
cussed in detail in [11].
• In the limit where two or more partons become collinear, an n-parton scattering
amplitude splits into an (n − 1)-parton amplitude times a process-independent
splitting amplitude, which involves the collinear partons only [12–15]. The fact
that the anomalous dimension of the splitting amplitude must be independent of
the momenta and color generators of the partons not involved in the splitting
process imposes a non-trivial constraint on Γs [8].
Up to three-loop order, the most general form of the soft anomalous dimension compat-
ible with these constraints reads [8]
Γs({β}, µ) = −
∑
(i,j)
T i ·T j
2
γcusp(αs) βij +
∑
i
γis(αs)
+
∑
(i,j,k,l)
Tijkl F (βijkl, βiklj − βiljk) +O(α4s) ,
(5)
2
where we use the short-hand notations T i · T j = T aiT aj (summed over a) and
Tijkl = fadef bce(T aiT bjT ckT dl )+.1 Under index permutations, the structure Tijkl behaves
in exactly the same way as the conformal cross ratio βijkl in (4). In the equation above
the sums run over the n external partons. The notation (i1, . . . , ik) refers to unordered
tuples of distinct parton indices. The coefficient functions γcusp(αs) and γ
i
s(αs) have a
perturbative series in αs starting at one-loop order. The latter quantity depends on
whether the parton i is a quark or a gluon. The universal function γcusp(αs) is related
to the cusp anomalous dimension of parton i by the Casimir-scaling relation
Γicusp(αs) = Ci γcusp(αs) +O(α4s) , (6)
where Ci = T
2
i equals CF for a particle in the fundamental representation (i = q, q¯)
and CA for one in the adjoint representation (i = g) of the gauge group. It is expected
on general grounds that Casimir scaling is not an exact property of the cusp anomalous
dimension. Indeed, using arguments based on the AdS/CFT correspondence, results for
the cusp anomalous dimension obtained in the strong-coupling limit were found to be
inconsistent with relation (6) [16–18]. In perturbation theory, Casimir scaling could first
be violated at four-loop order. We will come back to this question below. The function
F (x, y) in the last term in (5) has a perturbative series starting at three-loop order (or
later). Its dependence on αs is suppressed in our notation for simplicity.
We finally also quote the result for the full anomalous dimension Γ = Γc+Γs, which
is obtained from (5) by adding the collinear contribution (2). One obtains
Γ({p}, µ) =
∑
(i,j)
T i ·T j
2
γcusp(αs) ln
µ2
−sij +
∑
i
γi(αs)
+
∑
(i,j,k,l)
Tijkl F (βijkl, βiklj − βiljk) +O(α4s) ,
(7)
which very closely resembles the expression for the soft anomalous dimension. Here
γi = γis + γ
i
c. The right-hand side now only depends on the kinematic invariants sij . In
Appendix A we show explicitly how this anomalous dimension determines the IR poles
of n-parton scattering amplitudes up to four-loop order.
The terms shown in the first line of (5) and (7) involve only pairwise correlations
among the color charges and momenta of the different partons. These are the familiar
color-dipole correlations arising already at one-loop order from a single gluon exchange.
These terms provide a solution to the inhomogeneous partial differential equations (3),
if one assumes that the Casimir-scaling relation (6) holds to all orders in perturbation
theory. The dipole conjecture [1, 7, 8] states that this is indeed the case, and that to
all orders the anomalous dimension might indeed be given by just the two terms shown
in the first line of (5) and (7). If this conjecture holds true, then this would indicate
1We define the symmetrized product (T a1
i1
. . .T an
in
)+ =
1
n!
∑
σ∈Sn
T
a
σ(1)
i
σ(1)
. . .T
a
σ(n)
i
σ(n)
, where Sn is the
set of permutation of n objects.
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a semi-classical origin of IR singularities. Starting at three-loop order, however, the
four-parton correlation term given in the second line of (5) and (7) is allowed by the
constraints summarized above, provided that the function F vanishes in all collinear
limits [7, 8, 19]. Note that given four different parton indices i, j, k, l, there are only two
linearly independent conformal cross ratios, since
βijkl + βiklj + βiljk = 0 , (8)
and all other cross ratios are related to the ones above by means of the symmetry relations
βijkl = βjilk = −βikjl = −βljki = βklij. Following [8], we choose the arguments of the
function F such that they match the symmetry properties of the color structure Tijkl. It
then follows that the function F (x, y) must be odd in its first argument.
It has recently been shown that the high-energy (“Regge”) limit imposes an inter-
esting additional constraint on n-parton scattering amplitudes, which has important
implications for the functional dependence of the anomalous dimension Γ on the confor-
mal cross ratios βijkl [20, 21]. The point is that the leading IR singularities of the Regge
slopes are correctly described by the dipole conjecture, so extra contributions from func-
tions such as F in (7) must only give rise to subleading logarithms. Interestingly, this
condition is not fulfilled for any of the candidate functions for F proposed in the litera-
ture [19]. On the other hand, it has not been demonstrated that the Regge constraint is
strong enough to exclude the existence of non-zero functions of conformal cross ratios.
The goal of this paper is to push the analysis of the anomalous dimension further by
addressing a couple of open issues. In Section 2, we answer the question whether the
Regge constraint excludes the existence of multi-parton correlations in the anomalous
dimension by constructing explicit examples for the function F in (5) and (7), which
vanish in all collinear limits and in addition do not give rise to leading logarithms in the
high-energy limit. This proves that such functions can exist, and that therefore the Regge
constraint does not help to simplify the structure of the anomalous dimension beyond
the constraints imposed by soft-collinear factorization, non-abelian exponentiation, and
collinear limits. In Section 3, we extend the analysis of the anomalous dimension Γ
presented in [8] to the level of four loops, thereby gaining further insights into the
structure of the result in higher orders. At O(α4s) new webs involving four and five
gluons appear and give rise to interesting new color structures. We confirm the finding
of [8], that even at four-loop order the contributions to the soft anomalous dimension
Γs that are linear in the cusp angles still have the structure shown in the first line in
(5). In addition, we find four new functions of conformal cross ratios, accompanied
by color structures correlating four or five external partons. As a by-product of our
analysis, we extend the analysis of two-parton collinear limits performed in [8] to the
more general case where three or more parton momenta become collinear. As discussed
in Appendix B, these multi-parton collinear limits do not provide additional constraints
at three-loop order, but they may yield useful information on one of the new functions of
conformal ratios associated with five-gluon webs, which appear first at the level of four
loops. Our conclusions are presented in Section 4.
4
2 Consistent examples of four-parton correlations
It has recently been shown that the “Reggeization” of scattering amplitudes in the high-
energy limit can be used to derive a non-trivial constraint on the functional dependence
of the four-parton correlation term F in (5) and (7) on the conformal cross ratios βijkl
[20, 21]. In the limit in which the center-of-mass energy
√
s is much larger than the
momentum transfer
√−t in the process, i.e. |s/t| → ∞ at fixed t, amplitudes for 2→ n
scattering processes are dominated by t-channel exchanges of particles, whose propaga-
tors get dressed according to the generic form
1
t
→ 1
t
(
s
−t
)αi(t)
, (9)
where αi(t) is referred to as the Regge trajectory of particle i. In this process, large
logarithms L ≡ ln |s/t| ≫ 1 are resummed to leading logarithmic order, as has been
proved for the cases of the exchange of a gluon [22] and a quark [23]. For the gluon case,
Reggeization of the cross section has also been proved at next-to-leading logarithmic
order [24]. The key observation made in [20, 21], extending earlier work using Wilson
lines [25], was that Regge trajectories are IR divergent in perturbation theory, and it
is therefore possible to study them, and the high-energy limit in general, using our
understanding of the structure of IR divergences as captured by (7). It was observed
that the dipole formula – the terms shown in the first line of (7) – correctly reproduces
the known behavior of the Regge trajectories of gluons and quarks at leading logarithmic
order, and in fact it extends it to particles transforming under an arbitrary representation
of the gauge group. Moreover, it was shown that at next-to-leading logarithmic order
Reggeization still holds for the real part of the scattering amplitude, but that it fails
for the imaginary part. At next-to-next-to-leading logarithmic order, the breakdown of
Reggeization is a generic feature of scattering amplitudes.
These results imply interesting constraints on the anomalous dimension Γ [20, 21].
To see this, consider for simplicity a 2 → 2 scattering process in the high-energy limit
s ≫ |t|, where s = s12 = s34 and t = s13 = s24. Using color conservation, relation (7)
yields for this case
Γ({p}, µ) = γcusp(αs)
[
T
2
t ln
s+ t
−t +T
2
s
(
iπ + ln
s + t
s
)]
+
4∑
i=1
[
γi(αs)− Ci
2
γcusp(αs)
(
ln
µ2
−t + iπ + ln
s+ t
s
)]
+ 8T1234
[
F (β1234, β1342 − β1423)− F (β1423, β1234 − β1342)
]
+ 8T1342
[
F (β1342, β1423 − β1234)− F (β1423, β1234 − β1342)
]
,
(10)
where we have introduced the s- and t-channel color operators T s = T 1 + T 2 and
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T t = T 1 +T 3 [26]. The values of the relevant conformal cross ratios are
β1234 = 2
(
ln
s
−t − iπ
)
, β1342 = −2 ln s+ t−t , β1423 = 2
(
ln
s + t
s
+ iπ
)
. (11)
In the high-energy limit, neglecting exponentially small terms in L = ln |s/t|, we find
from above
Γ({p}, µ)→ (LT 2t + iπT 2s) γcusp(αs) +
4∑
i=1
[
γi(αs)− Ci
2
γcusp(αs)
(
ln
µ2
−t + iπ
)]
+ 8T1234
[
F (2L− 2iπ,−2L− 2iπ)− F (2iπ, 4L− 2iπ)]
+ 8T1342
[
F (−2L,−2L+ 4iπ)− F (2iπ, 4L− 2iπ)] .
(12)
The first term in this result, proportional to LT 2t γcusp(αs), correctly reproduces the
leading logarithms in the Regge trajectories of any particle exchanged in the t-channel.
The second term, iπT 2s γcusp(αs), is a non-universal source of breaking of Reggeization at
next-to-leading logarithmic order, since in general the color structure T 2s is not diagonal
in the t-channel color basis. However, this breaking only contributes to the imaginary
part of the amplitude. Likewise, we conclude that the terms in the last two lines, which
multiply independent color structures times loop functions that arise first at three-loop
order, must not contain terms proportional to α3sL
3 or higher in the limit L→∞. Terms
of O(iα3sL2) are allowed, since they break Reggeization only in the imaginary part of the
amplitude, as are generic terms of O(α3sL). Interestingly, as has already been pointed
out in [20], this condition is not satisfied for any of the example functions constructed
in [19], all of which contain super-leading L4 terms.
It is, however, not too difficult to construct functions similar to those proposed in [19],
which vanish in the two-particle collinear limit and contain only subleading logarithms
in the Regge limit. Since the relevant three-loop web is the same as in N = 4 super
Yang-Mills theory, these functions should have maximum transcendentality τ = 5. A
simple class of such functions contains products of logarithms and dilogarithms of the
variables ρijkl = e
βijkl defined in (4). Specifically, consider the functions
fn1n2(ρijkl, ρiklj, ρiljk) =
ln ρijkl
2n21n
2
2
[
g(ρn1iklj) g(ρ
n2
iljk) + g(ρ
n2
iklj) g(ρ
n1
iljk)
]
, (13)
where
g(z) = Li2(1− z)− Li2(1− z−1)
=
1
2
ln2 z +
π2
3
− 2 ln z ln(1− z)− 2Li2(z) .
(14)
The definition in the first line makes explicit that this function is odd under the reflec-
tion z ↔ 1/z, while the form shown in the second line is convenient for deriving the
asymptotic behavior for small z. The functions fn1n2 are chosen such that they vanish
in the relevant collinear limits. As shown in [8], these are (i) ρ12kl → 0, ρ1kl2 → 1,
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ρ1l2k → 1/ρ12kl → ∞, and (ii) ρ1jk2 → 1, ρ1k2j → 1/ρ12jk → ∞, ρ12jk → 0. For the ρ
variables approaching 1 in the collinear limit the corresponding functions ln ρ or g(ρn)
vanish like a power of p⊥ → 0, while the remaining functions diverge like a power of
ln p⊥. Expressing the ρijkl variables in terms of the arguments of the function F (x, y) in
(7), we are led to consider the class of functions
Fn1n2(x, y) = fn1n2(e
x, e−
1
2
(x−y), e−
1
2
(x+y)) , (15)
which as required are odd in their first argument. We find that with this ansatz only
one of the three functions entering in (12) is non-zero in the Regge limit:
Fn1n2(2L− 2iπ,−2L− 2iπ)→ 0 ,
Fn1n2(−2L,−2L+ 4iπ)→ 0 ,
Fn1n2(2iπ, 4L− 2iπ)
→ −4iπ
[
2L2(L− iπ)2 +
(
1
n21
+
1
n22
)(
L2 + (L− iπ)2)+ π4
18n21n
2
2
]
.
(16)
It follows that any difference of two such functions is free of the super-leading L4 and
leading L3 terms, and starts with a subleading logarithms iL2, which is allowed by all
known properties of Regge factorization. Hence, any function
F (x, y) =
∑
n1,n2
an1n2 Fn1n2(x, y) , with
∑
n1,n2
an1n2 = 0 (17)
provides a viable model for the four-parton correlation term in (7). If desired, taking more
complicated linear combinations of the functions (13) one could construct functions that
are free of any large logarithms in the high-energy limit. For instance, the combination
F11 − 2F12 + F22 → −iπ5/8 tends to a constant for L→∞.
The result (17) proves that the high-energy Regge limit cannot be used to exclude the
presence of the four-parton term proportional to F in (7). Only an actual three-loop cal-
culation of a four-parton scattering amplitude beyond the planar limit can show whether
or not this term is present in the anomalous dimension. The fate of the dipole conjecture
depends on the result of such a calculation. First steps toward the computation of the
three-loop four-gluon amplitude in N = 4 super Yang-Mills theory were made in [27].
3 Diagrammatic analysis at four loops
Contributions of O(α4s) to the soft anomalous dimension (5) can arise from the gluon
webs shown in Figure 1. At this order there exist additional two- and three-gluon webs
containing insertions of self-energies or vertex functions, which however give rise to the
same color structures appearing already at two- and three-loop order. They do not
give rise to new structures in the anomalous dimension. The two five-gluon webs in
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(a) (b)
(c)
Figure 2: Four-loop connected webs contributing to the soft-anomalous dimension matrix. The
dots represent color generators, which appear when the gluons are attached to the wilson lines
of the soft operator in Fig. 1. The web in (b) consist of one loop correction to the four-gluon
web, the webs in the first line of (c) contains one loop corrections to the three gluon vertex
and propagators, the webs in the second line of (c) contains two loop corrections to the three
gluon vertex and three loop corrections to the propagator.
operator in Fig. 1 in all possible combinations. The webs in (c) contain insertions of
self-energies or vertex functions and have the same color structures as the corresponding
three- and two-loop webs, therefore we do not need to consider them here. The only
webs which give rise to new colour structures are the ones in Fig. 2 (a) and (b), which
we will consider separately in what follows. The analysis can be performed with the aid
of the basic properties of the Lie algebra of the gauge group, which we recall here:
] = ifabc , fabc abd cd
tradj ) = if
ade beg cgd iC abc (29)
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Figure 1: Four-loop connected webs contributing to the soft anomalous dimen-
sion. The dots represent color generators, which appear when the gluons are
attached to the Wilson lines representing the external partons. The webs in
(b) consist of the color-symmetrized parts of one-loop quark, gluon, and ghost
diagrams with four external gluons.
Figure 1 (a) are described by the same color structure fadxf bcyf exy T aiT
b
jT
c
kT
d
lT
e
m. If
two or more color generators act on the same parton, the product of generators with the
same parton index can be decomposed into symmetric and antisymmetric parts. The
Lie-algebra relations
[
T
a,T b
]
= ifabcT c , fabcfabd = CA δ
cd ,
tradj(T
a
T
b
T
c) = ifadef begf cgd =
iCA
2
fabc
(18)
can be used to reduce the antisymmetric products to structures containing fewer genera-
tors. It is therefore sufficient to consider symmetrized products of color generators only.
The four-gluon webs in Figure 1 (b) instead are proportional to the traces
da1a2...anR = tr
[
(T a1R T
a2
R . . .T
an
R )+
]
(19)
of symmetrized products of generators in the representation R. Contracting them with
the color generators of the external partons gives rise to higher Casimir invariants. As
discussed in [8], it is sufficient to consider traces of generators in the fundamental repre-
sentation, since da1a2...anR = In(R) d
a1a2...an
F with a representation-dependent index In(R).
The coefficient functions gi and G1 in relation (22) below contain two terms of the form
gi(αs) = nf g
F
i (αs) + I4(A) g
A
i (αs), and similarly for G1. It follows that we need to
consider the two color structures
(a) Tijklm = fadxf bcyf exy
(
T
a
iT
b
jT
c
kT
d
lT
e
m
)
+
,
(b) Dijkl = dabcdF
(
T
a
iT
b
jT
c
kT
d
l
)
+
,
(20)
which we will analyze separately in the next two sections.
In our discussion in this section we will not make use of the constraint derived by
considering two-particle collinear limits, since the validity of collinear factorization has
not yet been proved to all orders in perturbation theory. We first only use the constraints
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implied by non-abelian exponentiation and soft-collinear factorization. The additional
simplifications implied when one considers two-particle collinear limits will be discussed
in Section 3.4. Note that without the collinear constraint there can also be an additional
contribution to the soft anomalous dimension (7) starting at three-loop order, which
reads [8]
∆Γ3 = f¯2(αs)
∑
(i,j)
Tiijj = −f¯2(αs)
∑
(i,j,k)
Tiijk . (21)
The subscript 3 indicates that this terms is at least of O(α3s).
3.1 Four-gluon webs
We begin by considering terms involving the color structure (b) in (20), which are asso-
ciated with the four-gluon web shown in Figure 1 (b). The most general contribution to
Γs compatible with the symmetry properties of this structure reads
∆Γ
(b)
s4 =
∑
(i,j)
[Diijj g1(αs) +Diiij g2(αs)] βij + ∑
(i,j,k)
Dijkk g3(αs) βij
+
∑
i
Diiii g4(αs) +
∑
(i,j)
Diijj g5(αs) +
∑
(i,j,k,l)
DijklG1(βijkl, βiklj, βiljk) ,
(22)
where we have used the relation∑
i
T
a
i = 0 when acting on color-singlet states, (23)
which is implied by color conservation, to simplify the result. The terms in the first line,
which are linear in the cusp angles βij , have already been analyzed in [8], where it was
shown that the constraint from soft-collinear factorization implies the relations
g2(αs) = 2g1(αs) , g3(αs) = g1(αs) . (24)
The remaining structures shown in the second line were not considered before. Starting
at the four-parton level a non-trivial function of conformal cross ratios can appear. The
term proportional to g4(αs) contributes to the single-particle anomalous dimension γ
i
s in
(5). Its coefficient Diiii = C4(F,Ri) is given in terms of a higher Casimir invariant [8],
depending on the representation of parton i.
The symmetries of the color structureDijkl imply that the functionG1(βijkl, βiklj, βiljk)
must be invariant under any cyclic or anti-cyclic permutation of its arguments. This is
the reason why we have written it as a function of the three conformal cross ratios βijkl,
βiklj, βiljk, even though according to (8) only two of them are linearly independent.
The simplest example of such a function, which has maximal transcendentality at four
loops (τ = 6) and in addition vanishes in all relevant two-particle collinear limits, is
G1(x, y, z) = x
2y2z2 [19], but this simple form is not compatible with the constraints
implied by the Regge limit. In analogy with our discussion in Section 2, it would however
not be difficult to construct more complicated functions involving products of logarithms
and dilogarithms, which satisfy both the collinear and Regge constraints.
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3.2 Five-gluon webs
Next we analyze possible contributions to the soft anomalous dimension arising from the
color structure (a) in (20). It has the symmetry properties
Tijklm = −Tikjlm = −Tljkim = −Tjilkm , (25)
which allow us to move any one of the first four indices to first place. Note that the fifth
index is special and cannot be moved. In the following we will consider attachments of
this structure to different numbers of Wilson lines representing the external particles.
The symmetry properties (25) imply that the color structure Tijklm vanishes whenever
there are less than three different parton indices involved. For the case of three different
indices i, j, k, the symmetry properties allow us to reduce all possible structures to Tiijki
and Tiikjj, where the first one is antisymmetric in j, k. The Jacobi identity implies that
the second structure is asymmetric in i, j. To see this, note that
Tiikjj + Tjjkii = fadx
(
f bcyf exy + f ceyf bxy
) (
T
a
iT
b
i
)
+
T
c
k
(
T
d
jT
e
j
)
+
= −fadxf beyfxcy (T aiT bi)+ T ck
(
T
d
jT
e
j
)
+
= 0 .
(26)
The last equation follows because the product of color generators is invariant under the
combined exchange a ↔ b and d ↔ e, whereas the product of structure constants is
odd under this exchange. For the case of four different indices i, j, k, l, the symmetry
properties imply that all structures can be reduced to Tiijkl and Tijkli, both of which
are antisymmetric in j, k. Up to this point, the most general contribution to the soft
anomalous dimension has the form
∆Γ
(a) part1
s4 =
∑
(i,j,k)
[
Tiijki g6(αs) βij + Tiikjj g7(αs) βik
]
+
∑
(i,j,k,l)
{
Tiijkl
[
g8(αs) βij + g9(αs) βil + g10(αs) βjl +G2(βijkl, βiklj)
]
+ Tijkli
[
g11(αs) βij + g12(αs) βil + g13(αs) βjl +G3(βijkl, βiklj)
]}
.
(27)
The Gn functions depend on two linearly independent cross ratios, for which we have
chosen βijkl and βiklj. Note that the symmetry properties of the color structure Tijklm
imply that no constant terms, independent of cusp angles and conformal cross ratios,
can appear in this result.
Color conservation can be used to simplify the above expression by performing the
sum over those parton indices not involved in the definition of the various cusp angles.
To this end, we move the corresponding color generator to the right in the symmetrized
product Tijklm in (20) and then apply the property (23). Renaming some of the summa-
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tion indices, we then obtain
∆Γ
(a) part1
s4 =
∑
(i,j,k)
Tiikjj g¯7(αs) βik +
∑
(i,j,k,l)
[
TiijklG2(βijkl, βiklj) + TijkliG3(βijkl, βiklj)
]
,
(28)
where g¯7 ≡ g7 − g8 + g10 + g11 − g13. The soft-collinear factorization constraint (3) does
not imply a non-trivial condition on the coefficient function g¯7. After summing over free
parton indices and using the symmetry property (26), we obtain
∑
j 6=i
∂∆Γ
(a) part1
s4
∂βij
=
∑
(j 6=i,k 6=i)
(Tiijkk + Tjjikk) g¯7(αs) = 0 . (29)
It follows that ∆Γ
(a) part1
s4 is a solution to the homogeneous equation, and it should
therefore be possible to express it entirely in terms of conformal cross ratios. This is
indeed possible when one exploits that the three-parton and four-parton terms in (27)
can be related to each other using color conservation, as is evident from the structure of
(28). There are several equivalent ways to write the final answer. For example, we find
∆Γ
(a) part1
s4 =
∑
(i,j,k,l)
{
Tiijkl
[
G2(βijkl, βiklj) +
1
2
g¯7(αs) βiklj
]
+ TijkliG3(βijkl, βiklj)
}
, (30)
which implies that the effect of g¯7(αs) can be absorbed into a redefinition of the function
G2. We will simply drop this contribution from now on, but for simplicity we will refrain
from renaming the function G2.
It remains to consider the case of five different parton indices i, j, k, l,m, for which
it is straightforward to show that all terms linear in cusp angles vanish by color conser-
vation. This only leaves the possibility of non-linear functions of conformal cross ratios.
Given five different parton indices, there are five subgroups of four parton indices, such
as i, j, k, l. For each subgroup there exist only two linearly independent conformal cross
ratios, in analogy with our discussion around (8). However, among the remaining ten
cross ratios there exist five additional linear relations, so that only five linearly inde-
pendent cross ratios remain. They can be chosen as βijkl, βiklj, βijkm, βikmj , and βijml.
Thus
∆Γ
(a) part2
s4 =
∑
(i,j,k,l,m)
TijklmG4(βijkl, βiklj, βijkm, βikmj , βijml) . (31)
The complete result is given by the sum of the two contributions in (28) and (31).
3.3 Combined four-loop result and implications for Γicusp
We can now combine the above results and work out the form of the new contributions to
the anomalous dimension (7) arising at four-loop order. To this end, we have to convert
the cusp angles βij into logarithms of kinematic invariants using
βij = − ln µ
2
−sij + ln
µ2
−p2i
+ ln
µ2
−p2j
. (32)
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The conformal cross ratios βijkl have already been expressed in terms of sij variables in
the second relation of (4). When the above expression for βij is inserted in (22), the terms
proportional to the collinear logarithms lnµ2/(−p2i ) multiply color-singlet structures,
which can be cancelled against corresponding terms in the collinear anomalous dimension
Γc in (2). We also include the single-particle contribution proportional to g4(αs) in (22)
into the anomalous dimension γis in (5), which becomes part of γ
i in (7). For the
remaining contributions, we obtain
∆Γ4 = −g1(αs)
[∑
(i,j)
(Diijj + 2Diiij) ln µ2−sij +
∑
(i,j,k)
Dijkk ln µ
2
−sij
]
+
∑
(i,j)
Diijj g5(αs)
+
∑
(i,j,k,l)
[
DijklG1(βijkl, βiklj, βiljk) + TiijklG2(βijkl, βiklj) + TijkliG3(βijkl, βiklj)
]
+
∑
(i,j,k,l,m)
TijklmG4(βijkl, βiklj, βijkm, βikmj , βijml) . (33)
In the special case of two external particles in the color representation Ri, the result
for the anomalous dimension simplifies considerably. From (7), (21), and (33), we then
obtain
Γ = −
[
Ci γcusp(αs)− 2g1(αs)C4(F,Ri)
]
ln
µ2
−s12 + 2γ
i(αs) + 2C4(F,Ri) g5(αs) . (34)
The coefficient of the logarithm is identified with the cusp anomalous dimension of the
particle. In generalization with (6), we find
Γicusp(αs) = Ci γcusp(αs)− 2g1(αs)C4(F,Ri) +O(α5s) . (35)
The four-loop term proportional to the higher Casimir invariant C4(F,Ri) would violate
the Casimir scaling relation Γqcusp(αs)/CF = Γ
g
cusp(αs)/CA, provided that g1(αs) 6= 0.
The four-loop cusp anomalous dimension is known for N = 4 super Yang-Mills theory
in the planar limit [28]. However, as shown in [8] the higher Casimir contributions are
subleading for large Nc. These structures are therefore not visible in the planar limit of
SU(Nc) gauge theory.
3.4 Two-particle collinear limits
Additional constraints on the anomalous dimension can be derived by considering the
limit where the momenta of two or more external partons become collinear. Assuming
that n-parton scattering amplitudes in the collinear limit factorize into (n − 1)-parton
scattering amplitudes times universal splitting amplitudes [12–14], the anomalous di-
mension of the splitting amplitudes must satisfy the relation [8]
ΓSp({p1, p2}, µ) = Γ({p1, . . . , pn}, µ)− Γ({P, p3, . . . , pn}, µ)
∣∣
TP→T1+T 2
, (36)
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where P = p1+ p2 denotes the sum of the momenta of the two collinear partons. A non-
trivial constraint arises from the fact that the anomalous dimension of the P → 1 + 2
splitting amplitude can only depend on the momenta and color matrices of the two
collinear partons.
While this constraint is satisfied for the anomalous dimension in (7) as long as the
function F vanishes in all two-particle collinear limits, additional constraints arise for
the correction terms in (21) and (33). The corresponding contributions to the anomalous
dimension of the splitting amplitudes read
∆ΓSp({p1, p2}, µ) = f¯2(αs)
(
2T1122 − 4
∑
i 6=1,2
T12ii
)
+ g5(αs)
(
2D1122 − 4
∑
i 6=1,2
D12ii
)
− 2g1(αs)
[(
D1122 +D1112 +D1222 +
∑
i 6=1,2
D12ii
)
ln
µ2
−s12 + . . .
]
,
(37)
where for the contribution proportional to g1 we only show the terms proportional to
ln[µ2/(−s12)] for simplicity [8]. In addition, we must require that all functions of con-
formal cross ratios vanish in the relevant two-particle collinear limits. All three terms
shown above contain structures that are quadratic in the color generators of partons not
involved in the splitting process, which is in conflict with the assumption of collinear
factorization. We thus conclude that
f¯2(αs) = 0 , g1(αs) = 0 , g5(αs) = 0 , (38)
where the first two relations were already derived in [8]. It follows that ∆Γ3 = 0 in (21),
and in ∆Γ4 in (33) the terms shown in the first line vanish, such that only the functions
of conformal cross ratios remain:
∆Γ4 =
∑
(i,j,k,l)
[
DijklG1(βijkl, βiklj, βiljk) + TiijklG2(βijkl, βiklj) + TijkliG3(βijkl, βiklj)
]
+
∑
(i,j,k,l,m)
TijklmG4(βijkl, βiklj, βijkm, βikmj , βijml) . (39)
The functions Gi must vanish in all relevant two-particle collinear limits. The functional
dependence of the five-parton structure G4 can in addition be constrained by considering
multi-particle collinear limits, in which more than two parton momenta become collinear.
This is briefly discussed in Appendix B. In analogy with our treatment in Section 2, it
would most likely not be difficult to construct explicit examples of Gn functions that are
consistent with all constraints from collinear limits and in addition are free of leading
logarithms in the Regge limit.
The most interesting consequence of the relations (38) is that the extra term propor-
tional to C4(F,Ri) to the cusp anomalous dimension in (35) vanishes, so that Casimir
scaling still holds at O(α4s) [8]. This prediction is highly non-trivial in view of the expec-
tation that Casimir scaling should not hold non-perturbatively, at least not for the finite
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parts of Wilson-loop expectation values. A long time ago, Frenkel and Taylor argued that
Casimir scaling would be inconsistent with expectations about the area law for matrix
elements of Wilson loops giving rise to confinement [10]. More recently, investigations
of high-spin operators in string theory using the AdS/CFT correspondence have found
a strong-coupling behavior that is in conflict with Casimir scaling [16–18].
When deriving the constraints from two-particle collinear limits in the previous sec-
tion, we have implicitly assumed that the number of external partons is n ≥ 4. The
cases n = 2 and n = 3 are somewhat special, in the sense that for n = 2 the two-particle
collinear limit does not apply, while for n = 3 the color-conservation relation (23) can be
used to rewrite the third color generator in terms of the color generators of the two par-
ticles whose momenta become collinear. As a result, the conclusions (38) can no longer
be drawn. We emphasize, however, the important point that the collinear anomalous
dimension in (2) has the same form irrespective of the number of partons involved in
the scattering process. For n ≥ 4, our arguments imply that the coefficient Γicusp(αs)
entering this expression obeys Casimir scaling, and hence it follows that g1(αs) = 0 in
(35) also for n = 2, 3. In addition, the process independence of the splitting amplitudes
excludes the possibility of having extra contributions for the special case where n = 3,
and hence we can conclude from (37) that f¯2(αs) = 0 and g5(αs) = 0 also in this case.
Finally, the last relation in (21) implies that the contribution proportional to f¯2 is simply
absent for n = 2. On the other hand, we cannot exclude the possibility that the term
proportional to g5 in (33) is present in this particular case. Strictly speaking, one should
therefore add the term 2C4(F,R1) g5(αs) δn2 to the right-hand side of (39), even though
the presence of such an exceptional contribution would seem strange.
The validity of collinear factorization has recently been scrutinized [29, 30]. Our
analysis in this section relies on the assumption that this property is true to sufficiently
high orders in perturbation theory, and this then implies relation (36), which imposes
an important constraint on the structure of the anomalous dimension in higher orders.
An all-order proof of collinear factorization for leading-color amplitudes has been given
in [15]. The authors of [29] have argued that one should distinguish between a time-like
collinear limit, in which the two collinear partons are both either in the initial or the
final state, and a space-like collinear limit, in which one particle is in the initial state
and the other one in the final state. They have considered the known dipole structure
of IR divergences and derived the corresponding structure of the anomalous dimensions
of the splitting amplitudes. They have found that collinear factorization is satisfied for
a time-like, but not for a space-like collinear limit. The explanation for this fact has
been investigated further in [30]. Briefly, factorization in the time-like collinear limit is
guaranteed by color coherence. The latter is at work in the space-like collinear limit as
well, but there factorization is broken by the non-commutativity of Coulomb/Glauber
gluon exchanges with other soft exchanges.
For our purposes, however, it is sufficient to only consider time-like collinear limits.
Then there is no problem with the constraint (36), and it can be used to derive the
desired conditions on the anomalous dimension. Note that even though Γ controls the
IR divergences of scattering amplitudes, at the same time it controls the UV divergences
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of n-jet operators in SCET. UV singularities are independent of external states and do
not care whether we consider matrix elements with particles in the initial or final state.
3.5 Large-Nc limit
It is interesting to explore how the new structures arising at four-loop order and compiled
in (39) behave in the large-Nc limit of SU(Nc) gauge theory. Since several results at
three- and four-loop order are known in the Nc → ∞ (or “planar”) limit for N = 4
super Yang-Mills theory, one might hope that they can be used to constrain or even
determine some of the functions of conformal cross ratios. Unfortunately, the three-loop
four-particle term proportional to F in (7) is suppressed relative to the leading color-
dipole term and hence does not give a contribution in the planar limit [8]. We will now
show that the same is true for the new structures arising at four-loop order.
In order to illustrate this fact, we follow [8] and consider the effect of the color
structures in (39) acting on color traces of the type tr(ta1 . . . tan), which represent a basis
of leading color structures of n-particle gluonic amplitudes. In this way, we find that
Dijkl = O(Nc) , Tiijkl = O(N2c ) ,
Tijkli = O(N2c ), Tijklm = O(N2c ) ,
(40)
where all indices are assumed to be different. The leading color structures at n-loop
order are of the form Nnc tr(t
a1 . . . tan). The above structures appear first at four-loop
order in (39) and therefore are suppressed compared to the leading term by at least a
factor 1/N2c . Similarly, the three-loop structure Tijkl in (7) is of O(Nc) [8], which is
1/N2c -suppressed relative to the leading structure at three-loop order.
4 Conclusions
IR divergences of massless gauge-theory scattering amplitudes can be removed by means
of a multiplicative renormalization factor Z , which in turn is determined by the anoma-
lous dimension Γ of n-jet operators in SCET. The structure of this anomalous dimension
is strongly constrained by color conservation, soft-collinear factorization, non-abelian
exponentiation, two-particle (and multi-particle) collinear limits, and the high-energy
Regge limit. When these constraints are taken into account, it is found that up to three-
loop order the anomalous dimension takes the simple form (7). The terms in the first line
of this equation, which start at one-loop order, describe pairwise color-dipole correlations
among the different particles. The dipole conjecture states that these terms are all there
is to all orders in perturbation theory [1, 7, 8]. At O(α3s), the only possible exception
is an additional structure inducing correlations among four external particles, shown in
the second line of (7). So far, no example of a function F (x, y) of conformal cross ratios
consistent with the constraints from collinear limits and the high-energy Regge limit had
been constructed in the literature, and it had been speculated whether these constraints
combined might even exclude the existence of such a function [21].
15
We have demonstrated in Section 2 that this hope was too optimistic. We have
constructed a class of rather simple functions with maximum transcendentality, which
satisfy all constraints. This is an existence proof that non-trivial functions of conformal
cross ratio, arising at the level of three loops and higher, are possible and not excluded by
any known constraints. Indeed, our analysis shows that while the Regge limit constrains
the functional form of these functions, it does not imply any new structural constraints
on the anomalous dimension beyond those derived from soft-collinear factorization, non-
abelian exponentiation, and collinear limits. In Section 3 we have extended the analysis
of the anomalous dimension to four-loop order, finding further modifications of the dipole
formula that once again are governed by functions of conformal cross ratios. The most
general structure is shown in (39). It involves three new types of four-particle correlations
and a single type of five-particle correlation. While the functional dependence of these
structures can be constrained by considering two-particle (and multi-particle) collinear
limits and the high-energy behavior, their presence cannot be excluded, and following the
lines of Section 2 it would not be difficult to construct examples of functions consistent
with all constraints.
In light of these findings, it is not unlikely that the dipole conjecture must be revised
and that all or some of the additional structures will indeed turn out to be non-zero.
Based on the observations made in the previous sections, we are led to propose a weaker
form of the conjecture, which states that violations of the dipole formula, if they exist,
share three properties:
• they involve correlations of at least four partons;
• they are given in terms of functions of conformal cross ratios, which vanish in all
relevant collinear limits and are free of leading logarithms in the Regge limit;
• at each order in αs, they are suppressed relative to the contributions contained in
the dipole formula by at least a factor of 1/N2c .
The last statement implies that the dipole formula is exact (in perturbation theory) in
the planar limit for SU(Nc) gauge theory. The first statement implies that the dipole
formula holds to all orders in perturbation theory for the case of scattering amplitudes
involving two or three partons. It then follows that the cusp anomalous dimension obeys
Casimir scaling:
Γicusp(αs) = Ci γcusp(αs) (perturbatively). (41)
While this relation is known to be true to O(α3s) by direct calculation [31], it is not
expected to hold non-perturbatively [10, 16–18]. The weak dipole conjecture could be
violated if some of our basic assumptions, such as the validity of collinear factorization,
were to fail starting at some order in perturbation theory. In (33) and (35) we have
presented expressions for the anomalous dimension in general, and the cusp anomalous
dimension in particular, which can be derived without making use of the collinear con-
straint. It would be very interesting to check the prediction of Casimir scaling of the
cusp anomalous dimension at four-loop order by an explicit calculation.
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A Four-loop expression for Z
Given a UV renormalized, on-shell n-parton scattering amplitude |Mn(ǫ, {p})〉 with
IR divergences regularized in d = 4 − 2ǫ dimensions, one obtains the finite amplitude
|Mn({p}, µ)〉, in which all IR are subtracted in a minimal way, from the relation [1]
|Mn({p}, µ)〉 = lim
ǫ→0
Z
−1(ǫ, {p}, µ) |Mn(ǫ, {p})〉 . (A1)
The Z factor is related to the anomalous dimension Γ studied in the present paper by
Γ({p}, µ) = −Z−1(ǫ, {p}, µ) d
d lnµ
Z (ǫ, {p}, µ) . (A2)
A formal solution to this equation was derived in [8], where the perturbative expansion
of lnZ was constructed to O(α3s). Including also the next term in the series, we obtain
lnZ =
αs
4π
(
Γ′0
4ǫ2
+
Γ0
2ǫ
)
+
(αs
4π
)2(
−3β0Γ
′
0
16ǫ3
+
Γ′1 − 4β0Γ0
16ǫ2
+
Γ1
4ǫ
)
+
(αs
4π
)3(11β20Γ′0
72ǫ4
− 5β0Γ
′
1 + 8β1Γ
′
0 − 12β20Γ0
72ǫ3
+
Γ′2 − 6β0Γ1 − 6β1Γ0
36ǫ2
+
Γ2
6ǫ
)
+
(αs
4π
)4(
− 25β
3
0Γ
′
0
192ǫ5
+
13β20Γ
′
1 + 40β0β1Γ
′
0 − 24β30Γ0
192ǫ4
(A3)
− 7β0Γ
′
2 + 9β1Γ
′
1 + 15β2Γ
′
0 − 24β20Γ1 − 48β0β1Γ0
192ǫ3
+
Γ′3 − 8β0Γ2 − 8β1Γ1 − 8β2Γ0
64ǫ2
+
Γ3
8ǫ
)
+O(α5s) ,
where we have expanded the anomalous dimension and β-function as
Γ(αs) =
∞∑
n=0
Γn
(αs
4π
)n+1
, β(αs) = −2αs
∞∑
n=0
βn
(αs
4π
)n+1
, (A4)
and similarly for the function Γ′(αs) = −γcusp(αs)
∑
i Ci.
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B Multi-particle collinear limits
Relation (36), which is a consequence of collinear factorization, can be extended to the
case where more than two particle momenta become collinear. Given an n-parton scat-
tering process in the limit in which m partons become collinear, the amplitude factorizes
into an (n − m + 1)-parton amplitude times a process-independent splitting function,
which involves only the m collinear partons (see e.g. [32] for the case m = 3). More ex-
plicitly, assigning momenta p1 = z1P , p2 = z2P , . . . , pm = zmP with z1+z2+· · ·+zm = 1,
the amplitude factorizes as
|Mn({p1, . . . , pm, pm+1, . . . , pn})〉 = Sp({p1, . . . , pm}) |Mn({P, pm+1, . . . , pn})〉+ . . . .
(B1)
Since (B1) is valid for both the dimensionally regularized amplitude as well as the min-
imally subtracted amplitude, it is possible to derive a renormalization-group equation
for the splitting amplitude Sp({p1, . . . , pm}). Applying charge conservation, and noting
that the splitting amplitude commutes with partons not involved in the splitting process,
one obtains
d
d lnµ
Sp({p1, . . . , pm}, µ) = ΓSp({p1, . . . , pm}, µ)Sp({p1, . . . , pm}, µ) , (B2)
where we have introduced
ΓSp({p1, . . . , pm}, µ) = Γ({p1, . . . , pn}, µ)−Γ({P, pm+1, . . . , pn}, µ)
∣∣∣
TP=T 1+···+Tm
, (B3)
with TP the color generator associated with the parent parton P . In analogy with the
two-particle collinear limit, the anomalous dimension of the splitting function must be
independent of the color generators and momenta of the partons not involved in the
splitting process.
It is interesting to investigate whether the multi-particle collinear limit gives addi-
tional constraints on the functions F in (7) and G1,2,3,4 in (39). Unfortunately, we finds
that no additional constraints are obtained on those functions (F and G1,2,3) that involve
only four external partons. This can be seen considering as an example the function F .
With up to four partons involved it makes sense to consider the three-particle collinear
limit only. We parameterize the three momenta which become collinear as
pµi = ziEn
µ + pµ⊥,i −
p2⊥,i
4ziE
n¯µ ; i = 1, 2, 3 , (B4)
with z1 + z2 + z3 = 1 and p⊥,1 + p⊥,2 + p⊥,3 = 0. Here n and n¯ are two light-like
vectors, satisfying n · n¯ = 2. The momentum fractions zi as well as the transverse
momenta p⊥,i are assumed to be of the same order. In this way p⊥,i ∼ p⊥, and p⊥/E
is a small expansion parameter. The collinear limit corresponds to taking p⊥ → 0 at
fixed E. With these definitions, to first order in p⊥/E we have −sij = −(pi + pj)2 =
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(zip⊥,j − zjp⊥,i)2/(zizj) ≡ zizjλij . We then find
ǫij ≡ β1ij2 = 1
z1E
(
p⊥,1 · pi
n · pi −
p⊥,1 · pj
n · pj
)
− 1
z2E
(
p⊥,2 · pi
n · pi −
p⊥,2 · pj
n · pj
)
→ 0 ,
ωij ≡ β12ij = ln λ12
4E2
+ ln
(−sij)
(−n · pi)(−n · pi) → −∞ ,
(B5)
and similar results hold for β1ij3, β13ij , β2ij3, and β23ij . In addition, we obtain
β123i = ln
(−s12)(−s3i)
(−s13)(−s2i) = ln
λ12
λ13
, β13i2 − β1i23 = ln λ12λ13
λ223
. (B6)
According to the definition (B3), the contribution of the four-particle correlation term
proportional to F in (7) to the anomalous dimension of the splitting amplitude reads
∆ΓSp({p1, p2, p3, µ}) =
{ ∑
i,j 6=1,2,3
[
8T12ij F (β12ij , β12ij) + 4T1ij2 F (β1ij2,−2β12ij)
]
+ (12↔ 13) + (12↔ 23)
}
+ 8
∑
i 6=1,2,3
[
T123i F
(
ln
λ12
λ13
, ln
λ12λ13
λ223
)
+ T213i F
(
ln
λ12
λ23
, ln
λ12λ23
λ213
)
+ T312i F
(
ln
λ13
λ23
, ln
λ13λ23
λ212
)]
.
(B7)
The terms in the first two lines are a generalization of the term appearing in the two-
particle collinear limit, as can be seen by comparing with relations (101) and (102) in
[8]. Since it involves external partons other than 1, 2, 3, it must vanish in all collinear
limits. The conditions for this to happen are precisely the same as in the case of two
collinear particles. The other terms in (B7) instead do not depend on kinematic variables
involving momenta other than those of particles 1, 2, 3. One can therefore use the color-
conservation relation (23) to perform the sum over the free index i and express all color
structures in terms of structures involving the indices of the three collinear particles only.
We conclude that the terms in the last two lines are compatible with the three-particle
collinear limit, and no new constraints are obtained.
The functional form of the five-particle correlation G4, on the other hand, can be
constrained by both the two- and three-particle collinear limits. For instance, in the case
of the two-particle collinear limit one finds that the independent color structures T12ijk,
Ti12jk, and T1ijk2 contribute to ∆ΓSp({p1, p2}, µ)|G4. The coefficients multiplying these
three structures must vanish in the collinear limit. For example, one obtains
T12ijk
[
G4(−ωij , ωij, βi1jk, βijk1,−ωik)−G4(−ωij, ωij,−ωik, ωik, β1ikj)
−G4(ωij, ǫij, βij1k, βi1kj, βijk2) +G4(ωij , ǫij, ωik, ǫik, ωjk)
]
+ · · · = 0 .
(B8)
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In the case of the three-particle collinear limit, one has five additional independent color
structures contributing to∆ΓSp({p1, p2, p3}, µ)|G4, namely T123ij T213ij , T312ij , T12ij3, and
T1ij23, whose coefficients must also vanish. For instance
T123ij G4(β123i, β13i2, β123j , β13j2, β12ji) + · · · = 0 . (B9)
The form of the remaining constraints is similar to (B8) and (B9). Since they are not
particularly illuminating, we do not report them here.
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